SOLVING THE RATE EQUATIONS FOR CONSECUTIVE REACTIONS

For atwo-step association of enzyme and substrate,
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we can write two independent rate equations,
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d[ X
222 ki) - kel (20)

and two mass balance equations
[Elo = [E] + [Xa1] + [X2] (2)

[Slo = [ + [X1] + [X3] (2d)

We want to solve the set of coupled rate equations (egs. 2a-b) to obtain
explicit expressions for the concentration of each species as a function of
time and expressions for the characteristic time, T, for each step in terms of
the rate constants. For an analytical solution, the rate equations must be
linear in the concentrations. There can be no terms containing a product of
concentrations. Thisisequivaent to requiring that each step of the
mechanism be first order. In the mechanism of eqg. (1) the step governed by
k, issecond order, which leads to aterm with a product of concentrations,
[E][],ineg. (28). Thedifficulty can be worked around in several ways:

() require[S], >> [E]o;

(2) require that all concentrations be near equilibrium.



Casel.[S]o >> [E],

For mixing (e.g., stopped flow) data, it is convenient to fix
[S]o >> [E] o . Thebimolecular step of eg. (1) then becomes pseudo-first
order. We define the pseudo-first-order constant

ki = ki[S]o 3)

Introducing egs. (2c) and (3) into egs. (2a-b),

) dEJIItE] = (k1 +k-1)[E] + k-1[X3] = k-1[E]o (43)
_ d[;iﬂ = (k2 +k)[Xa] + kol E] = ka[El g (4b)

It is convenient to rewrite egs. (4) as

A+ aule + aplx] - ¢4 (59
d[X2]

ap1[E] + azp[Xz] + T Co (5b)
where

ag;r = kq[Slo + k-1

ap = k-g

an = kp

azp = k-z2 + kp

C1 = k-1[E]o

Co = ka[E]o

For aset of ssmultaneous linear first-order differential equations, such as
egs. (5), solutions for the time dependence of the concentration of the
speciesi are of the form

[Xi] =L + 3 A;je™ (6)
]



where

L; = constant

Aij=f([E]0.[S] 03Ke)

m; = f(ks)

ki = seguence k_j to k+j

J = 1, number of reaction steps

Thefirst problem isto evaluate the m; in terms of the step constants

K+j, K-j. Todothisweintroducethetrial solutions[E] = Ae™ and
[X5] = Be™, obtaining
mAe™ + a; Ae™ + a;,Be™ =C; (7a)

anAe™ + ayBe™ + mBe™ = C, (7b)
In evaluating m, we are allowed to work with the corresponding system of
homogeneous equations, obtained by setting C1 and C, = 0. Doing this,
and also dividing through by e™ to eliminate this factor,
(m+ap)A+apB=20 (8a)
anA+ (m+ax)B=0 (8b)

For non-trivial solutions, the determinant of the coefficients must be zero
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Expanding

0=(m+ ap)(m+ axp) - apraz
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0=m"+ m(ay; + axp) + ajjaxp — apay 9)

Extracting the roots of eqg. (9) by the quadratic formula

1
-m==(p+0) (10)
where

p=aj1 +ax

= Kk1[0 + k-1 + kg + ko

= Vp? = A((Kik2 + kiko)[Fo + k-1k>3)

From eqg. (6), it is seen that the reciprocal characteristic time for each
step, — can be identified with —m;. Thus from eq. (10) we can write

T
L =2p+a (113)
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From egs. (11) one has the sums and products of the relaxation times

Lol kg, kg kp + ko (12)
T1 2

1

= (kik-2 + k1k2)[Jo + k-1k-2 (12b)
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The expressions relating the characteristic time for a step to the rate
constants and initial substrate concentration are used in interpreting pre-
steady-state data from mixing experiments. The analysis could be carried
further, to obtain general solutions of the rate equations, based on the values
of m; of eq. (10). Thisis not necessary in this context.



Case 2. Relaxation kinetics

We start again with the mechanism of eg. (1) and the rate equations
(2a-b). In arelaxation experiment, concentrations[E], [, etc., are
established that differ only dightly from the equlibrium concentrations, [ E],
[S], etc. After atemperature jump that moves the system to a new
equilibrium position, the reactant concentrationsinitially are at the values for
the equilibrium before the jump and with time relax to the new equilibrium
values. To describe this process, it is helpful to define substitutions for the
concentration variables of egs. (2a-b), by equating them to the new
equilbrium value plus a concentration difference (g, s, etc.):

[E] = [E] + e (20)
[9 =[S +s
[X1] = [X1] + X1

[X2] = [X2] + X2

d[E] _ de
dt dt

d[Xz]  dxy
dt dt

The corresponding conservation equations, in terms of the differences from
equilibrium, are

e+ Xy +x2=0 (21)
s=e
Introducing the definitions of egs. (20) into eg. (2a)

_$ = ke ([E] + €)([T] + ) - k1 ([X1] + X1)



= K1[EI[S] + k1([Els + €[S] + es) = k-1[X1] = k_1X1

Because at equilibrium the rates of the forward and reverse reactions for a
step are equal, thetermsk1[E][S] and k_1[ X1 ] cancel in the above
equation. We can drop the term e-s because as the product of differencesit
isneglibible. Inaccord with the conservation egs. (21), s can be replaced
with e, and -x 1, with (e + X»).

Thus the rate equations governing the relaxation process are

- = (ka(E] + [3]) + K-1)e + kixo (229)

and by asimilar treatment of eg. (2b),

dX2
el koe + (k-2 + k2)X2 (22b)

These equations form a system of homogeneous linear first-order
differential equations. We proceed as for Case (1), recasting egs. (22) as

de
— T agpne + apXo

- 0 (23a)

dX2
aze + axXy * —— = 0 (23b)

The coefficients a;j are defined asfor Case (1), except ([E] + [9]) replaces
[S] o inthe expression for aq;.

Introducing the trial solutionse = Ae™ and x, = Be™, givesthe
characteristic equation

Eh +tay ap -
m +
O 221 a2



Thisisthe same asfor Case (1). Solving for mand noting that 1/t =-m,

1 1

o (P +q) (24a)
1 _1,

=700 (24b)
where

p=ki([E] +[S]) + ko1 + ko + ko

The sums and products of the relaxation times are

Lo L Sk B+ ) + kg * koo + ko (253)
11 1o
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= (kik-2 + kik2)([E] + [S]) + k-1k—> (25D)



The above formalism can be extended to the case of n > 2 consecutive
reactions, described by the n differential equations

__+-Zainj= I =1,n

for which the characteristic equation is
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The n relaxation times can be extracted by solving the determinant. Note
that each relaxation time contains, in principle, a contribution from each rate
constant of the mechanism. In practive, for agiventj, one or afew steps
will dominante. It may be helpful to draw the analogy with the vibrations of
the atoms of amolecule. The equations of motion are also a set of coupled
first-order differential equations. For the atom motions, the eigenvalues are
the frequencies of the normal modes of vibration.
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An important special case of the two-step association of enzyme and
substrate iswhere the first stepisfast: kg and k-1 >> ko and k_5; 11 <<T1».
By inspection of eq. (25a)

?11— = ke ([E] + [S]) + ko1 (309

Substituting eg. (30a) into eq. (25b)

Tl - = - (k1k—p + k1k2)([E] + [T]) + k_1k_>»)
2 ka([E] +[9]) + k-1

1y, kB 18D (a0

_ k.1
(LE] + [S))+
1

i islinear in reactant concentration. i shows saturation behavior.

11 T2

k, _ _
Ti:k_2+K_2([E] + [3)) ([E] + [3])<<Kqg
2 d
i:k_2+k2 ([E] + [S])>>Kq



